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Introduction [Gla90, Mil71, Mil89]

Equivalence problem: when are two machines
equivalent?

» Computation models (automata, Turing machines): equivalence =
language equivalence (do the machines recognize the same
language?)

» Process theory: finer notions of equivalence, among which
bisimilarity, or bisimulation equivalence.

» Some applications: Calculus of Communicating Systems,
m-calculus.
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Bisimulation equivalence [San14]

» Subtleties of bisimilarity: nontermination and nondeterminism.
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Context-free grammars

> Context-free grammar (CFG) in Greibach normal form: (V, T, P)

> V: finite set of nonterminal symbols X, Y, Z, ...
» T finite set of terminal symbols a, b, c, ...
» P: productions, subset of V x T x V*;

(X,a,7) €P = X-Dvy
> Example (palindromes):
X -Le XA X 25 XA AL e

X Ly X -8B X 25 xB B-ts¢
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> Context-free grammar (CFG) in Greibach normal form: (V, T, P)

> V: finite set of nonterminal symbols X, Y, Z, ...
» T finite set of terminal symbols a, b, c, ...
» P: productions, subset of V x T x V*;

(X,a,7)eP = Xy
> Example (palindromes):
X -Le XA X 25 XA AL e
X2 X -2 B X -2 xB B-2 ¢

> Labeled transition system induced by (V,T,P):

» states: words of nonterminals, V*;
> labelled transitions:

X6 —5 ~8 for each production X — ~ and word &

> Example: X — XA —25 XBA —25 BA 25 A -5 ¢

4/14



Bisimulation equivalence

> Bisimulation for context-free grammars: a relation R C V* x V*
such that for every (v,0) € R and a € L,

(zig) if v — 4/, then there exists &’ such that § —— ¢’ and (7/,¢’) € R;
(zag) if § == &', then there exists 4 such that v — ~ and (7/,¢) € R.
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> Bisimulation for context-free grammars: a relation R C V* x V*
such that for every (v,0) € R and a € L,

(zig) if v — 4/, then there exists &’ such that § —— ¢’ and (7/,¢’) € R;
(zag) if § == &', then there exists 4 such that v — ~ and (7/,¢) € R.

» Bisimilarity: ~,J are bisimilar, v ~ ¢, if there exists a bisimulation
R such that (v,4) € R.

Bisimilarity problem: given two words -, d over a
context-free grammar, determine whether v ~ 4.
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State of the art [HIM96, Kiel3, BCS95, Jan12]

» Deterministic: for each X and a, there is at most one production
X -2+ ~. (also called simple grammars)

» Normed: for each X, there is some sequence u = a; ... a, such that
X e,
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State of the art [HIM96, Kiel3, BCS95, Jan12]

» Deterministic: for each X and a, there is at most one production
X -2+ ~. (also called simple grammars)

» Normed: for each X, there is some sequence u = a; ... a, such that

X Se.
CFG bisimilarity deterministic non-deterministic
normed P [HIM96] P [HIM96]
unnormed EXPTIME EXPTIME-hard [Kiel3]
2-EXPTIME [BCS95, Jan12]

Theorem. There is an exponential-time algorithm for
determining whether two words v and ¢ in a simple grammar
are bisimilar.
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> Type theory: design type systems supporting rich programming
languages.
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Application: session types [Hon93, THK94, HVK98, TV16]

> Type theory: design type systems supporting rich programming
languages.

» Context-free session types: an approach to specifying
communication protocols.

M == Int | Bool | ---
T o= 1M [ IM | &{l: Titeer | &{: Toteer
| Skip | T;U | x | px.T

> Type equivalence: given two types T, U, decide whether T ~ U.
Skip; T ~ T (T;U);V~T;(U;V)
Bl Tk Un~afl: Ty, Ul ux. T ~ Tlux.T/a]

» Type equivalence is a subroutine in type checking with an
associated cost at compile time.
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Decidability of type equivalence [AMV20, FST19]

» There is a translation T — word(T) from context-free session
types into words in a simple grammar.

> T ~ U iff word(T) ~ word(U).
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Decidability of type equivalence [AMV20, FST19]

» There is a translation T — word(T) from context-free session
types into words in a simple grammar.

> T ~ U iff word(T) ~ word(U).

Theorem. There is a polynomial-time algorithm for
determining whether two context-free session types T and U
are equivalent.

» Application: FreeST programming language (v5.0...).
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» ~ ~ ¢ if there exists a bisimulation R C V* x V* such that ...
» Define a basis as a finite relation B C V1 x V.

» Coinductive congruence with respect to B: relation v =5 ¢
coinductively defined.
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Bisimulation basis [Cau90, JM99]

» ~ ~ ¢ if there exists a bisimulation R C V* x V* such that ...
» Define a basis as a finite relation B C V1 x V.

» Coinductive congruence with respect to B: relation v =5 ¢
coinductively defined.

e-AX BPA1

Ba' =5 B (X,YB)eB
E=pe Xo' =g Y
BPA2
a=gd B=ppf (Xa,YB) e B
Xo =5 Y7

Intuition:
> if Ba/ ~ B and X ~ Y3 then Xa/ ~ Y[3;
> ifa~d, 8~ and Xa ~ Y[ then Xa' ~ Y.
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Self-bisimulation

» A basis B is a self-bisimulation if for every (v, ) € B and every
aeT:

(zig) if v = 4/, then there exists &’ such that § == ¢’ and o' =g §';

(zag) if 6 = &', then there exists 7/ such that v =+ ' and v =5 ¢'.
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Self-bisimulation

» A basis B is a self-bisimulation if for every (v, ) € B and every
aeT:
(zig) if v = 4/, then there exists &’ such that § == ¢’ and o' =g §';
(zag) if 6 = &', then there exists 7/ such that v =+ ' and v =5 ¢'.
» Lemma. If B is a self-bisimulation then =5 C ~.
» Lemma. v ~ § iff there exists a self-bisimulation basis B such that
Y =B 0.
» Key idea: under ‘suitable’ conditions on B, v =3 ¢ is decidable.
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Basis-updating algorithm

Key ideas:
» Build a derivation tree of goals v ~ §.
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Basis-updating algorithm

Key ideas:

» Build a derivation tree of goals v ~ §.

> Keep track of a basis B C V* x VT, initially containing identical
pairs (X, X).

» When examining a goal (leaf in the derivation tree):

(a)
(b)

(
(

c
d

)
)

Finish the leaf if v = ¢ or if (v, 0) coincides with an already visited
node.

Apply a congruence rule if possible, creating new goals (children).
Update B if no congruence rule is available, creating new goals.
First try a BPAL guess, later backtrack and try a BPA2 guess if the
derivation fails.
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Example of application

X5 X270 XS v -2e Yy 2we vy -Sv
725 725 xp w2 W vyD v
c¢c bp-%4p

XC L yC
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Example of application
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a
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Example of application
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Numerical experiments [AMV20]
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Conclusion and future work

» Bisimilarity: a notion of equivalence, with relevant applications in
process theory.

» Context-free session types: specifying communication protocols.

» Type equivalence: an interesting problem, relevant for type
checking, reducible to simple grammar bisimilarity.
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Conclusion and future work

» Bisimilarity: a notion of equivalence, with relevant applications in
process theory.

» Context-free session types: specifying communication protocols.

» Type equivalence: an interesting problem, relevant for type
checking, reducible to simple grammar bisimilarity.

» Open problem: is there a polynomial algorithm for bisimilarity of
simple grammars? Is the problem EXPTIME-complete?

» Open problem: is there a single-exponential algorithm for
bisimilarity of context-free grammars? Is the problem
2-EXPTIME-complete?

Thank you for your attention!
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