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The types of dyadic interaction



How it all started

Concur 1993



The FreeST programming language

• Functional (call by value) 

• Concurrent 

• Communication by message passing (only) 

• Channels are buffered, linear and governed by session types 

• System 



1 _ Programming dyadic 
interaction



The types of dyadic interaction
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A consumer of type CoIStream
Chaining 

operations on 
positive types

Reverse function 
application 

x |> f = f x



Finite or infinite streams



A consumer of type IFRepeat (?a) Skip

Nested pattern 
matching on negative type 

constructors



Folding a stream of heterogeneous values
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A consumer for type Dual Fold
Expect return value 

“5True”



A consumer of type Fold



2 _ Type equivalence 



Kinds
* is a non-
terminal



The syntax of types
Cf. 

Alonzo Church. 1940. A 
Formulation of the Simple Theory 

of Types



Type constants



Some laws



Type equivalence is a weak 
bisimulation



Bisimulation

• Introduced by Park in the early eighties, popularised by Milner (CCS, pi-calculus) as a 
behavioural equivalence for processes 

• Used by Amadio and Cardelli in Subtyping recursive types (1993)



Type equivalence is a weak bisimulation

• Includes internal actions: 

• Syntactically rearrange the type into a whnf, exposing a visible action 

• Aka type reduction 

• Not to be matched by the other type 

• And external actions: 

• To be matched by the other type



Call by name and unfold

Some invisible actions (the tau rules)



The semicolon rules

Some invisible actions (the tau rules)



Fully applied type constructors

Some action rules

• Each fully applied type constructor of arity m shall have m+1 transitions



Higher-order types

Some action rules

• Higher-order types shall have an infinite number of transitions 

• One for each variable of the appropriate kind

N.B.: Yields infinitely 
branching bisimulations



What if reduction diverges?

Some action rules

• Then the type transits to Skip by a Void action



Various internal reductions followed by external actions

Example

• Take  

• Then



3 _ Type equivalence



Difficulty #1 _ Dealing with infinitely branching bisims

• Recall A-Abs 

• One transition per variable of kind k

• Show that 

• Solution: we only need transitions by two (fixed) variables 

• Fix two variables for each kind (vars that may appear in types)



Difficulty #2 _ Determining when a type diverges

• Recall

• Solution: Restrict the recursion operator to base kinds   and  

• Then divergence becomes tractable 

• N.B.: Higher-order recursion is theoretically possible, its equivalence is tied to the 
bisimilarity of deterministic pushdown automata



Difficulty #3 _ Bisimulations may be infinite relations

• Take 

• Then                   but the bisimulation is infinite: 

• Solution: 

• Translate types to (simple) grammars 

• Run a (polynomial) algorithm to check whether two words in a simple grammar are 
bisimilar

Sequential 
composition of n !Bool 

actions



https://freest-
lang.github.io/

FreeST 3.2 FreeST 5.0

Up and running

https://github.com/
freest-lang/freest

Coming soon



Extra material



Embracing non-contractivity

• Recall 

• Then 

• Instead of ruling out type                    we deem                         w well formed 

• We further introduce a family of types            , one for each kind k 

• Then   



The full set of tau rules



The full set of action rules



Example of divergence I



Example of divergence II



Example of divergence III



Weak bisimulation



Translation to grammar


